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Abstract. We study the Korn-Poincare inequality: 

||m|| W /i,2( S ) 1 ) < C h \\D{u)\\ L 2( S hy 

in domains S h that are shells of small thickness of order h, around an arbitrary 
smooth and closed hypersurface S in R n . By D(u) we denote the symmetric 
part of the gradient Vu, and we assume the tangential boundary conditions: 

u-n h = on dS*. 

We prove that remains uniformly bounded as h — » 0, for vector fields u in 
any family of cones (with angle < n/2, uniform in h) around the orthogonal 
complement of extensions of Killing vector fields on S. 

We show that this condition is optimal, as in turn every Killing field admits 
a family of extensions u , for which the ratio \\u h \\ w i,2(gh< l /\\D(u h )\\ L 2( S h} 
blows up as h — > 0, even if the domains S h are not rotationally symmetric. 
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1. Introduction 
The objective of this paper is to study the Korn-Poincare inequality: 
(1-1) IMIw/i,2(s<*) <C h \\D(u)\\ L 2 ish] , 

under the tangential boundary conditions: 
(1.2) u-n h = ondS h , 

in domains S h that are shells of small thickness of order h, around an arbitrary 
smooth and closed hypersurface S in R". By D{u) — i(Vu + (Vw) T ) we denote 
the symmetric part of the gradient Vu. 

Korn's inequality was discovered in the early AAth century, in the context 
of the boundary value problem of linear elastostatics [HI [T3]. There is by now 
an extensive literature on the subject, relating to various contexts and various 
boundary conditions (see for example a review [8], and the references therein). If 
(ll.2[) is replaced by u = on dS h , one can easily prove that || Vu|| i 2 < v / 2||£>(m)||l2, 
and so Ql.ip follows by the Poincare inequality. In the absence of this boundary 
condition, or with its weaker versions, the bound (fTTTj) requires an extra criterion. 
Roughly speaking, it serves to eliminate pure rotations, when D(u) = but Vu =/= 0. 
In particular, ()l.l|l holds for all W 1,2 (S h ) vector fields u with ([1.2)1 . which are L 2 - 
orthogonal to the space of those linear vector fields on S h with skew-symmetric 
gradient that are themselves tangent on the boundary. 

We are interested in the behaviour of the constant Ch, as h — ► 0. It turns out 
that in general, Ch may blow up, even if S h are not rotationally symmetric (that 
is when the aforementioned spaces are trivial) . The correct way of looking at this 
problem is to consider the asymptotic inequality as h — > 0, i.e. the related Korn 
inequality on S (see also [2]): 

(1-3) \\v\\w^(s) < C\\D(v)\\ L 2 (s) . 

This inequality holds true for all tangent vector fields v on S, which are L 2 - 
orthogonal to the the space of Killing fields on S. A Killing field is defined to 
be a smooth tangent vector field which generates a one-parameter family of isome- 
tries on S. It is well known that the space of Killing fields on a given surface is a 
finite dimensional Lie algebra. An equivalent characterisation of Killing fields on S 
is: 

(1.4) D(u) = 0, i.e.: tVv(x)t = VieS Vt^T x S. 

In this paper, we first notice that any v satisfying (jl.4[) admits a family of 
extensions u h : S h — > R™ , such that the boundary conditions (| 1 . 2[) hold and so that 
the ratio ||u h || M /i > 2( S h)/||_D(u' l )|| i 2(5f l ) goes to infinity as h — > 0. This construction 
turns out to be the worst case scenario for the possible blow-up of Ch- Our main 
results state that the constants Ch remain uniformly bounded for vector fields u 
inside any family of cones (with angle < 7r/2, uniform in h) around the orthogonal 
complement of the space of extensions of Killing fields on S. 

Our main motivation in this work has been its application to dynamics of Navier- 
Stokes equations in thin 3-dimensional domains. Thin domains are encountered in 
many problems in solid or fluid mechanics. For example, in ocean dynamics, one 
is dealing with the fluid regions which are thin compared to the horizontal length 
scales. Other examples include lubrication, meteorology, blood circulation etc.; 
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they are a part of a broader study of the behaviour of various PDEs on thin n- 
dimensional domains, where n > 2 (for a review see [17]). 

The study of the global existence and asymptotic properties of solutions to the 
Navier-Stokes equations in thin 3d domains began with Raugel and Sell in [18j . 
They proved global existence of strong solutions for large initial data and in presence 
of large forcing, for the sufficiently thin 3d product domain Q = Q x (0, e), with 
the boundary conditions either purely periodical or combined periodic-Dirichlet. 
Further generalisations to other boundary conditions followed (see the references in 
[S]). Towards analysing thin domains other than simple product domains, Iftimic, 
Raugel and Sell [9] treated domains of the type: fl = {x E R 3 ; (xi,X2) £ Q, < 
x 3 < ^g(xi, X2)}, with the mixed boundary conditions: periodic on the lateral 
boundary and the Navier boundary conditions: 

(1.5) D{u)n h \\n h and u ■ =0 on dS h 

on the top and on the bottom. 

The Korn inequality arises naturally when one considers the incompressible flow 
subject to (|1.5p . for the following reason (see pjj]). In order to define the Stokes 
operator relevant to the boundary conditions (|1.5[) . one uses the symmetric bilinear 
form B(u,v) — J D(u) : D(v) rather than the usual J Vu : Vv. Hence, the energy 
methods give suitable bounds for \\D(u h )\\ L 2( S h), for a solution flow u h in S h . On 
the other hand, in order to establish compactness while studying the limit problem 
as h — > 0, one needs bounds for the W 1 ' 2 norm of u h , with constants independent 
of h. The inequality (jl.ip (with uniform constants Ch) provides thus a necessary 
uniform equivalence of the two norms ||tt||^i,2 and ||D(u)||£2 on S h . 

In this spirit, it is hoped that we can apply the result of this paper to study the 
dynamics of the Navier-Stokes equations, under the Navier boundary conditions, in 
thin shells with various geometries of the reference surface S and of the boundaries 
of S h . 

Starting with the original papers of Korn [12l IT3] . Korn's inequality has also 
been widely used as a basic tool for the existence of solutions of the linearised 
displacement-traction equations in elasticity 4, 3, 8 . In this context, for a given 
displacement vector field u, the matrix field D(u) is the linearised strain, which 
measures the pointwise deviation of the deformation Id + eu from a rigid motion, 
up to the first order terms in e. Hence, Korn's inequality can be interpreted as 
a rigidity estimate for small displacement deformations: they are W 12 close to 
Id, by the error given in the right hand side of (jl.lj) . A nonlinear version of this 
rigidity estimate, obtained recently in [5], has been extensively applied to problems 
in nonlinear elasticity and plate theories (see eg 0[6]). Earlier, Korn's incqualitcs 
in thin neighbourhoods of flat surfaces have been discussed in series of papers by 
Kohn and Vogelius [11]. They derive an estimate which degenerates as h — > for 
clamped boundary conditions at the side of the plate. An analogous result in our 
settting is given in Theorem 12.31 below. 
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2. The main theorems 

Let S be a smooth, compact hypersurface (a boundaryless manifold of co- 
dimension 1) in R". Consider a family {S h }h>o of thin shells around S: 

S h = {z = x + tn(x); x e S, -g\ (x) < t < g^x)}, 

given by a family of smooth positive functions g\,g\ : S — ► R. We will use the 
following notation: ri h for the outward unit normal to dS h , n(x) for the outward 
unit normal to S (seen as the boundary of some bounded domain in R"), T X S for 
the tangent space to S at a given x G S. The projection onto S along n will be 
denoted by n, so that: 

7r(z) = x Vz = x + tn{x) e S h . 

The standard Korn inequality (see Theorem l9.1l in Appendix A) on bounded Lip- 
schitz domains implies that for each u S W 1 ' 2 (S h , R") satisfying the orthogonality 
condition: 

(2.1) f u(z) ■ (Az + b) dz = 0, \/Aeso{n), Vfe € R™ 
Js h 

one has: 

(2.2) \\u\\ w i,2 (sh) < C h \\D{u)\\ L 2 (sh) 

and the constant Ch depends only on the domain S , but not on u. Here, so(n) 
stands for the linear space of all n x n skew-symmetric matrices: 

so{n) M nxn - A = -A T } = {Ae M nxn - tAt = Vr S R"} 

while by -D(u) we mean the symmetric part of Vti: 

£( M ) = i(V U +(V U ) T ). 
The same result is true for u satisfying additionally: 

u-n h = onc'S'' 1 , 

when in (|2.ip we take only linear functions + 6 € lZg(S h ); with skew-symmetric 
gradient, and satisfying the same boundary condition as u: 

^(S 1 ' 1 ) = { w = Az + b; A e so(n),b e R n ,v ■ n h = on dS'' 1 }. 

The standard proof by contradiction (see Theorem 19. 21 in Appendix A) shows that 
the constant Ch in (|2.2j) again does not depend on u but it may depend on the 
geometry of S h . In particular, as shown in the example in section^ Ch may indeed 
converge to infinity as the thickness of S h (that is Wg^ + g\ \v*>(s)) converges to 0. 
Our goal is to investigate the behaviour of Ch in two frameworks, relating to the 
following hypotheses: 

(HI) For some positive constants C\, C2 and C3, and all small h > there holds: 

Cih < g^{x) < C 2 h, |V ff f(x)| < C 3 h \/x G S, i = 1, 2. 
(H2) For some smooth positive functions <?i,<72 : S — > R, there holds: 

~g£ gi in C^S*) as h -> 0, i = 1, 2. 
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Notice that clearly (H2) implies (HI) with, for example: C\ = 2max{<?j(x); x £ 
S, i = 1,2}, C 2 = l/2min{gi(x); x £ S, i= 1,2}, C 3 = max, ||Vffi||i,™(S) + 1- 

Before stating our main results, we need to recall the notion of a Killing vector 
field. The Lie algebra of smooth Killing vector fields on S will be denoted by T(S). 
That is, v £ T(S) if and only if: 

(i) v : S — ► R" is smooth and v(x) £ T X (S) for every x £ S, 
dv 

(ii) -tt-(x) ■ t = for every x £ S and every r £ T X S. 
or 

Condition (ii) implies that 
(2.3) 



dv dv 

— (x) ■ ri + — (x) ■ t = Vr, 77 S T^S Va; £ S. 
or or) 



Recall that Killing vector fields are infinitesimal generators of isometries on S, in 
the sense that if $ is the flow generated by v: 



ds 



®(s,x) =v($(s,x)), $(0,x)=x, 



then for every fixed s the map Sbih ( 5(s, x) £ S is an isometry. 

It is known that the linear space I(S) has finite dimension [TDl [16] . We recall 
this fact in Appendix C. 

Given positive smooth functions gi,g2 '■ S — ► R, define: 

ZguniS) = {v£ v(x) ■ V(gi+g 2 )(x) = for all x £ S} . 



Our main results are the following: 

Theorem 2.1. Assume (HI) and let a < 1 be any constant. Then, for all h > 
sufficiently small and all u £ W ,2 (5 , R") satisfying one of the following tangency 
conditions: 

u ■ n h = on d+S h = {x + g%(x)H(x); x £ S}, 



or: 



u ■ n h = on d~S h = {x - g^(x)ft(x); x £ S}, 



together with: 



S h 



u(z)v(ir(z)) dz 



< aHuH^^h) • Vv £ J(S), 



(2.4) 
there holds: 

(2.5) \\u\\ w i,2 {sh) < C\\D(u)\\ L 2 {S h } , 

where C is independent of u and of h. 

Theorem 2.2. Assume (H2) and let a < 1 be any constant. Then for all h > 
sufficiently small and all u £ W 1,2 (S h , R n ) satisfying u ■ ri h = on dS h and: 



(2.6) 



/ u(z)v(ir(z)) 
Js h 



dz 



< a\\u\\ L 2 {sh) ■ \\vir\\ L 2 {sh) yv£l g 



there holds \2.5\) with C independent of u and of h. 
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The example constructed in section |4] shows that conditions (|2.4j) (or l|2.6p ) 
are necessary for the bound (|2.5|) . In particular, any Killing field v on S can be 
extended to a vector field v h on S , satisfying the boundary condition and such 
that || Vu' l ||^ 2 ^ s , 1 j > Ch but \\D(v h )\\ 2 L2 ^ sh ^ < Ch 3 . Hence, if one naively assumes 
that u satisfies the angle condition only with the space of generators of appropriate 
rotations on 5", rather than the whole 1(5), the constant Ch has a blow-up rate of 
at least h~ x , as h — > 0. The following theorem shows that this is the actual blow-up 
rate, under the abovementioned conditions. 

More precisely, define: 

K(S) = {v:S — ► R"; v(x) = Ax + b, A G so(n), b e R", wn = 0on5}c 1(5), 
ftfli,flsOS) = {»€ K(S); v(x) ■ V(gi+g 2 )(x) for all ieS}c I gi , g2 (S). 

Theorem 2.3. Let a < 1 be any constant. Then, for all h sufficiently small and 
all u G W l ^{S h ,'BL n ), there holds: 

(2.7) \\u\\ wl , 2{Sh) < Ch^WD^W^s^, 

in any of the following situations: 

(i) (HI) holds, u-n h = on d+S h or u ■ n h = on d~ S h , and: 

< a \\ u \\L^(s h ) ■ ||u7r|U 2 (s") G K(S). 

(ii) (H2) holds, u-n h = on dS h , and: 

< «||w||i=>(s") • ll U7r llL2(s") Vv G TZ gug2 {S). 

Notice that (i) is implied by the hypotheses of Theorem 12.11 and (ii) by the hy- 
potheses of Theorem 12.21 as the spaces 1Z(S) and lZ giy g 2 (S) are contained in T(S) 
ot l gi: g 2 (S), respectively. The bound (|2.7p was obtained also in [IT] , but in a differ- 
ent context of thin plates with clamped boundary conditions and rapidly varying 
thickness. 

3. Remarks and an outline of proofs 

Remark 3.1. Conditions (|2.4[) and (|2.6p may be understood in the following way: 
the cosine of the angle (in L 2 (S h )) between u and its projection onto the linear 
space W h C L 2 (S h ) of 'trivial' extensions vir of certain Killing fields v G T(S) (or 
v G 1 gi .g 2 (S)) should be smaller than a. 

Equivalcntly, one considers vector fields u £ W 1,2 (S h ), which for a given constant 
(3 > 1 (related to a through: (3 = (1 — a 2 )~ 1//2 ) satisfy: 

(3-1) \\u\\ L 2 {sh) < (3\\u- vn\\ L 2 {sh] Vvel(S) (or Vu G X gitg2 (S)), 
That is, the distance of u from the space W h controls (uniformly) the full norm 

\\ u \\L 2 (S h )- 

By Theorems 12.11 and 12.21 inside each closed cone around (W* 1 )- 1 , of fixed angle 
9 < ir/2 in L 2 (S h ), the bound (|2.5|) holds, with a constant C, that is uniform 
in u and h. One could therefore argue that W h is the kernel for the uniform 
Korn-Poincare inequality, in the same manner as the linear maps Az + b with skew 
gradients A G so(n) constitute the kernel for the standard Korn inequality (|2.1|) . 
(|2.2p . This is not exactly the case, as the uniform Korn inequality is true for the 



u(z)v(ir(z)) dz 



u(z)v(tt(z)) dz 
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extensions vir (see Remark |4.1|) . The role of the aforementioned kernel is played by 
the space W h of other, 'smart' extensions v h of the Killing fields v (see the formula 

gD). 

Still, with vir replaced by v in (12. 4|) or (|2.6|) , both Theorems 12.11 and 1 2 . 21 remain 
true. Indeed, notice that the spaces W h and PF" are asymptotically tangent at 
h = 0: 

||w - w' l || i 2 (s .h ) < Ch\\vn\\ L 2 {sh) Wv e 1(S). 

Hence, if \(u,v h )^2\ < a\\u\\^2 ■ \\v h \\ L 2 for some a < 1, then \(u, vir) L 2\ < (a + 
Ch)\\u\\ L 2 ■ ||ot||x,2, and the angle conditions in main theorems hold, with another 
a < 1, when h is sufficiently small. Thus, the fact that we chose to work with 
'trivial' extensions, in W h (giving a simpler condition), instead of the real kernel 
W h , is not restrictive. 

In the particular case when dS h is parallel to 5, say g\ — h, we have 

ft (x + g2(x)n(x)) — n(x) n (x — g\{x)n(x)) = —n(x), 
X(S)=l gugi (S). 

If w S lZg(S h ) then w\s is tangent to S and, as shown in Appendix A (Theorem 

I9.4[) it generates a rotation on S. Actually, one has: w = (w\s) h & W h and so by 
the preceding comment we see that the condition (|2.ip is asymptotically contained 
in (III (or (I2~6in . 

Remark 3.2. A natural question is whether I{S) may contain other vector fields 
than the restrictions of generators of rigid motions on the whole R™. This is clearly 
the case when n = 2: any tangent vector field of constant length is a Killing field. 

The same question for higher dimensions and even for n = 3 and general (noncon- 
vex) hypersurfaces is, to our knowledge, still open. It is closely related to another 
open problem of whether the class of rotationally symmetric surfaces is closed under 
intrinsic isometries. A further related question is whether every intrinsic isometry 
on S is actually a restriction of some isometry of R 3 . When S is convex, it is well 
known that it is the case, while for non-convex surfaces it is false. The answer to 
the same question, formulated for 1-parameter families of isometries is not known 
(see [20] vol. 5). 

An outline of proofs of Theorems 12.11 and 12.21 

The general strategy is as follows. Suppose that D(u) is small. The main idea 
is to study the map u : S — > R™ which is obtained by averaging u in the normal 
direction: 

r92^) 

u ( x ) = T u(x + tn(x)) dt. 

By the boundary condition, one has u ■ ft sa 0, i.e. u is almost tangential to S. 
Moreover, D(u) is essentially bounded by the average of D(u). Hence if D(u) is 
small, by Korn's inequality on surfaces, the field u must be close to a Killing field 
v. If v is not small, we will get a contradiction to the angle condition (|2.4|) or (|2.6|) . 
If v is small then we get good estimates for u and ultimately for u. 

More precisely, the proof proceeds as follows. First (see Theorem 15. ip . an ap- 
plication of Korn's inequality to cylinders of size h and an interpolation argument 
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u\ 2 , 



yield a smooth field R : S — ► so(n) such that: 

(3.2) / \Wu-R\ 2 <cf \D(u)\ 2 , 
Js h Js h 

(3.3) [ |Vi?| 2 < Ch~ 3 [ \D(u)\ 

Js Js h 

From this we deduce (see Lemma l6.1j) : 

(3.4) f \Vu~R tan \ 2 < Ch- 1 I \D{u)\ 2 + Ch[ |V 
Js Js h Js h 

where RtanT — Rt for all tangent fields r and Rtan,n — 0. 

Using the boundary conditions it is easy to show that (see Lemma I6.3[) : 

(3.5) / |tt-n| 2 < Ch I |Vu| 2 . 

Js Js h 

It is thus natural to study the tangent field: 

Utan =u-(u- n)n. 

Now Korn's inequality on S implies that there exists a Killing field v such that: 

\\u t an ~ V\\ W 1,2 {S ) < C\\D{u tan )\\ L 2( S y 

By the angle condition, v must be small in L 2 (S), and hence in W 1,2 (S) since the 
Killing fields form a finite dimensional space. Thus, ||M ta „||n/i,2(5) is controlled, 
and by (|3.5[) ||u|| £ 2(5) is also controlled. Now the crucial step is to combine (|3.3p 
and (|3.4[) to deduce that: 

(3.6) / \V(u-ri)\ 2 + \Rri\ 2 < Ch- 3/2 \\D(u)\\ L 2( Sh y\\u-ri\\ L 2 iS) + harmless terms 



(see Lemma [6.4[1 . From (|3.6[) and (|3 . 5() we obtain control on Vu. By (|3 .4[) this 
controls Rtan, hence R, and finally (|3.2p gives the estimate for Vit. 

The actual argument is by contradiction, assuming that /i _1/ ' 2 ||M ft '|| H Ai,2(- i 5h- ) = I 
and /i~ 1 / 2 ||£>(M ?! ')|j £ («(5h- ) — > (see section!?}. 

Above and in all subsequent proofs, C denotes an arbitrary positive constant, 
depending on the geometry of S and constants C\, C2, C3 in (HI) or the functions 
g%, g2 in (H2). The constant C may also depend on the choice of a, but it is always 
independent of u and h. 

4. An example where the constant C h blows up 
Let (?i , gi : S — ► R be some positive and smooth functions, and let 

9i=hgi, i = l,2. 
Assume that on S there exists a nonzero Killing vector field v such that: 

(4.1) vel gug2 {S). 

We are going to construct a family v h € W 1 ' 2 (S h ,H n ) satisfying the boundary 
condition 

(4.2) v h ■ n h = on dS h , 

for which the uniform bound (|2.5p is not valid (after we take u h = v h ). 
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By H(x) = Vn(i) we denote the shape operator on S, that is, the (tangential) 
gradient of ft. For all x £ S and all t £ (-hgi(x), hg2(x)) define: 

(4.3) v h {x + tn{x)) = (ld + tU{x) + hn(x) ®Vg 2 (xj)v(x). 

By (14. 1|) we easily obtain: 

v h (x + tn(x)) = -, . h 9 1 ( x ) +t . (u + hg 2 (x)n(x) + hn(x) (g>Vg 2 (x))v(x) 
h{9i(x) +92(x)) \ J 

+ , ; hg2 [ X ^ ~ l XN • (id - h gi (x)n(x) - hn(x) Vffi(a;))v(a;), 



which means that each v h is a linear interpolation between the push-forward of the 
vector field v from S onto the external part d + S h of the boundary of S h and the 
other push-forward onto the internal part d~S h of dS h (see figure HJ. Indeed, the 
derivative of the map: 

hgi(x)ri(x) 

is given through: 

Id ± hgi(x)H(x) ± hn(x) ® V<?i(:r). 
In particular, we see that (|4.2p holds. 



hg^x) 




-h gj(x) 



Figure 4.1. The vector fields w 71 and 



Write now v h = w + (v h — w), with: 

w(z) = (id + tH(x)j v(x), z = x + tn(x). 

We wish to estimate the order of different coefficients in Vw and D(w). For every 
t G T X S, x £ S, there holds: 



(4.4) 



dw 

dft 
dw 



(z) = n(x)v(x), 

(z) = t(vn • (id + tn^)) -1 !-) • v(x) 



(Id + ffi(x)) • Vv(x) ■ (Id + ffl(a;))" 1 7 
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Observe that: 

dw _ dw \ . . f dn dw \ . 

^■ n+ m- T ) {z)= {-d^- w+ m- T ) {z) 

( - 4 ' 5 ^ = -(n(x) • (Id + ffl(x)) _1 T) • (Id + tU(x))v(x) + U(x)v(x) ■ t 

= o, 

because n ■ w = and the symmetric form Tl(x) commutes with (Id + ill(a;)) . 
Likewise: 

(4,, 

To estimate ijD(w)(z)t, for r, rj € 7^5, notice that: 

|r?(Id + tll(x)) ■ Vv(x) ■ (Id + tn(x)) -1 r 

- 77(Id + HI^))- 1 ■ Vu(s) • (Id + tn(a;))- 1 r| < Ct|Vu(a;)|, 

because | (Id + tH(x)) — (Id + ffl(x)) _1 | < Ct. Above and in the sequel, C denotes 
any positive constant independent of h. Since r(Id + ill(a;)) _1 € T^5, by (|2.3| and 
we obtain: 

(4.7) |»jD(to)(2)r| < Ci(|t;(aj)| + |V«(a;)|). 

We also have: \V(v h ~ w){z)\ < Ch and by (|43]l . and gj]): < C7i 

for every z £ S h . Hence: 

\\D(v h )\\l Hsh) < Ch 3 . 

On the other hand, inspecting the terms in (I4.4[) and recalling that o / (and 
therefore Vv 7^ as well) we see that: 

\\Vv h \\l 2{sh) >±\\Vv\\l 2{sh) -Ch 3 >Ch. 

The two last inequalities imply that the uniform bound (|2.5[) is not valid, without 
the restriction (|2.6p . Even if 5 has no rotational symmetry, the constants Ch in 
become unbounded as h — > 0. 



Remark 4.1. Our construction (|4.3[) is crucial for the counterexample to work. 
Indeed, one cannot simply take the 'trivial' extensions vtt £ W 1 ' 2 (S h ) to obtain 
the blow-up of Ch- The reason is that, for any r £ T X S, one has: 

^l(z) ■ n = ~^-(z) ■ M(z) = -H(x) ■ (Id + fflCaOrV • «(*) = 0(1), 

and thus both V(wr)(z) and D(vir)(z) are of the order 0(1). Hence: 

IIVMHI,^) < Ch\\v\\ 2 wl , 2{s) < Ch < Ch\\v\\ 2 L2{s) < C\\D(vK)f L2(sh) , 
where C denotes, as usual, any uniform constant. 
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5. AN APPROXIMATION OF Vm 

In this section we construct a smooth function R with skew-symmetric matrix 
values, approximating Vm on S h with the error \\D(u)\\ L 2( S hy This function will 
play a crucial role in future analysis. 

The construction relies on Appendix B, where the constant in Korn's inequality 
on a fixed, star-shaped domain is proved to depend only on the ratio of the diameters 
of the domain and the Lipschitz constant of its boundary (Theorem ll0.1|) . We apply 
this estimate locally and then use a mollification argument as in [5]. 

As always, C denotes any uniform constant, independent of u and h. 

Theorem 5.1. Assume (HI). For every u £ W 1,2 (S h , R") there exists a smooth 
map R : S > so(n) such that: 

(i) ||v« - RAms^) < c\\D{u)\\ L i [Sh) , 

(ii) \\VR\\ LHS) < Ch^/ 2 \\D(u)\\ LHSh) . 

Proof. 1. For x € S consider balls in S and 'cylinders' in S h defined by: 

D x , h = B{x,h)nS, B x j l = n- 1 (D(x,h))nS h . 

The main observation is that an application of Korn's inequality on B x h (see The- 
orem [TuTTI) yields a skew-symmetric matrix A Xt h € so(n) such that: 

(5.1) / \Vu(z) - A xJl \ 2 dz < C [ \D(u)\ 2 . 



Indeed, recalling the assumption (HI) we see that for h sufficiently small, B x ^ 
are star-shaped with respect to x and that both the Lipschitz constants of their 
boundaries and the ratios of their diameters have common bounds. 

Our goal is to replace A x ^h by a matrix R{x) which depends smoothly on x. This 
will allow us to replace A x ^ by R(ttz) in (|5.ip . The desired estimate on S h then 
follows by summing over a suitable family of cylinders. The smoothness of R will 
also play essential role in the key estimate in Lemma [ 



2. To define R(x) consider a cut-off function S C£°([0,1)), with > 0, <d 
constant in a neighbourhood of 0, and L ■d — 1. For each x € S define: 

Vx(z) - 



J S h ^{\^z — x\/h) dz 
Then f] x (z) = for z ^ B x ^ and: 

C C 
T) x (z) dz = 1, \r) x \ < — , |Va;J7 x | < 



Igh 

Define R(x) as the average: 



h n ' '"-'-l- h n+l 



R(x) = / i] x (z) skew(Vw(z)) dz, 
Js h 

where skew(F') = (F — F T )/2 denotes the skew-symmetric part of a given matrix 
F. Since j r] x = 1, we have: 

R(x) - A x , h = / T] x (z) skew(Vw(z) - A Xih ) dz, 
Js h 
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and by the Cauchy-Schwarz inequality, noting that |skew(F)| < \F\ we obtain: 
(5.2) \R(x) - A xJl \ 2 < ^ r, x {z)\Wu{z) - A Xth \ dz^j < ^ \D(u)\ 2 . 
To estimate the derivative of R we use that: 

= 0. 



/ ^xVx(z) dz = \7 X ( / r/ x (z) dz 
Js h \Js h 



Thus: 



\D(u)f 



VR(x) = / (V x r] x ) skew(Vu) = / (V^) skew(Vu - A x . h ) 
Js h Js h 

and by (jSTTj) : 

(5.3) \VR{x)\ 2 <( \W xVx \ 2 - f \Vu-A Xjh \ 2 <-^[ 

JB^.h JB Xih 11 JE 

Similarly, we get for all x £ D x h'- 

(5-4) |Vi?(*')| 2 <-£sf B I^HI 2 — J^g M U ^> 

where 2B x ,h = TT^ 1 (D x ^h)^S h . From this, by the fundamental theorem of calculus: 
\R(x") - R(x)\ 2 <£- [ \D(u)\ 2 Vx" G D Xjh . 

n J2B x>h 

In combination with (|5.1|) and (|5.2[) this yields: 



(5.5) / |Vu(z)-i?( 7 rz)|' i dz < C / |I>(w)|- 

Now cover S'' 1 with a family {B Xi ,h}iLi so that the covering number of the family 
{2B Xi _h}iLi is independent of h. Summing (|5.5[) over i = 1 . . . N proves (i). 
Finally, integrating (|5.4|) on £) X) /j we get; 

/' \VR(x')\ 2 dx' < § / |£(u)| 2 , 

and using the same covering as before we obtain (ii). H 

Following the same argument, we will prove a uniform Poincare inequality in 
thin domains - see Theorem 112.21 in Appendix D. 

6. Key estimates 
Let u : S — ► R™ be the average of u in the normal direction: 

(6.1) u(x) = f u(x + tn{x)) dt Mx G S. 

In this section we will establish four useful estimates on various components of u 
and their derivatives. 

The first estimate, on V« is a natural extension of the previous Theorem 15. II 
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Lemma 6.1. Assume (HI). For every u G W 1 ' 2 (S h ,R. n ) there holds: 

\\Vii - RtanWmS) < Ch^ 2 \\u\\ w i,2 {sh) + Ch-^ 2 || D(U) || L 2 (Sh) , 

where the subscript 'tan ' refers to the tangential components of the appropriate 
matrix valued function, that is: Rtan(x)n(x) — and Rtan{x)r = R(x)t for all 
x G S and t G T X S . 

Proof. Through a direct calculation one checks that for every x G S and r G T X S 
there holds: 

d T u{x) — -r Vu(x + tri(x)) ■ {t + td T n(x)} dt 



h 

and: 



n r92( x ) [-92 i x ) 

< - (\d T g>?(x)\ + \d T g%{x)\) • / \d R u(x + tn(x))\ dt < C |Vu| dt 



92 (*) 

\Vu(x + tri(x)) ■ (r + td T n(x)) - R(x)t\ dt 

-9l(x) 

/92( x ) f92( x ) 
\Vu\dt+f \Vu(x + tn(x))~R(x)\dt. 
-gl(x) J-gH x ) 

Hence, by Theorem 15.11 (i): 

f ( f 92(z) f 92( x ) ) 

|| Vu - Rtanfms) <C ih |Vu| 2 dt + h- 1 f |VM - i?7T| 2 dt \ dx 

Js { J-g?(x) J-gi{x) J 

<Ch\\Wu\\ 2 L2(sh) +Ch-^D(u)\\ 2 L 2 {Sh) . 



In order to estimate the normal part u, we will use the following simple bounds: 
Lemma 6.2. Recall that dS h = d~S h U d+S h , with: 

d-S h = {x-g*(x)n(x); xeS}, 
d+S h = {x + g%(x)H(x); x G S}. 

(i) If (HI) holds then \n h {z) - n(ir{z))\ < Ch for all z G d+S h and \n h (z) + 
n(ir(z))\ < Ch for all z G d~ S h . 

(ii) If (H2) holds then: 

\n h (z) + n{ir{z)) + V ffl h (7r(z))| < Ch 2 Vz G d~S h , 
\n h (z) - n(TT(z)) + V.g£(7r(z))| < Ch 2 Vz e d+S h . 

let now u G W 1 ' 2 (S h , R"). 

(ih) |5 fl (u • n){z)\ < \D{u){z)\ for all z G S h . 
(iv) 7/ (HI) holds andu-n h = on d+S*, t/ien: 



II" ' "llL2(a+S") < Ch 1/2 \\u\\ w i,2 (sh) . 
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(v) If (H2) holds andu-n h = on dS h : 

\u{x - g\{x)n{x)) • V5? (x) + u(x + g%(x)n(x)) • Vg%{x)\ 2 dx 



<Ch J sh \D(u)\ 2 +Ch 6 \\ur wl , Hsh) . 

Proof, (i) is obvious. To prove (ii) observe, for example, that on d + S h the normal 
n h (z) is parallel to n(ir(z)) — Vgf ( 7r ( z )) + w , where \w\ < C\g(n(x))\7 g(ir(z))\ < 
Ch 2 . Normalising this vector we conclude the second inequality in (ii). The first 
one follows in the same manner. 

(hi) follows from: dft{u ■ n) — D(u)n ■ n. 

To prove (iv), use (i) and the trace theorem in Appendix E: 

II" ' n\\ L 2 {d+sh) = \\u ■ (n - n h )\\ L 2 {d+sh) < Ch 1/2 \\u\\ w i,2 {sh) . 
For (v), use (ii), (iii) and Theorem 112.31 

\u{x + g%(x)n(x)) ■ Vg%(x) + u(x - g^{x)n{x)) • Vg^{x)\ 2 dx 

< / \u(x + g% (x)ri(x)) ■ n(x) - u(x - g^ (x)ri(x)) ■ n{x)\ 2 dx + Ch 4 

JS JdS h 

\d n (u-n)(x + tn(x))\ dt dx + Ch 4 / \u\ 2 



is 



ds h 



<Ch \D(u)\ 2 +Ch 6 \\u\\ 2 wl , Hshy 
J s 



Lemma 6.3. Assume (HI) and let u E W 1 ' 2 (S h , R") satisfy u ■ n = on d + S h . 
Then: 

\\u ■ n\\ L 2 {s) < Ch 1/2 \\u\\ w i,2 {S hy 
Proof. By Lemma 16.21 (iv) and (i), for every z — x + tn(x) G S h we obtain: 

/ /■<£(«) \ 2 

\u(x+tn(x)) ■ n(x)\ 2 < \u(x + g%(x)n(x)) ■ n(x)\ + / \D(u)\ 

2 f92^) 

< C ■ \u(x + g>*(x)n(x)) ■ (n(x) - n h (x + g%(x)n{x))) I + Ch \D(u)\ 2 



<Ch 2 \u(x + g%(x)n(x))\ 2 + Ch / \D{u)\ 2 . 

Hence by Theorem 112.31 

Q r r92i x ) 

\\u ■ n\\ 2 L 2/ S \ < — / / \u(x + tn{x)) ■ n(x)\ 2 dt dx 

(6.3) h JsJ-g?(x) 



C 

< 



J (h 3 \W\\ 2 L2(dsh) + h 2 \\D(u)\\ 2 L2{sh) ) < Ch\\Vu\\l 2{shy 
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The next, key estimate, is on the gradient of u ■ ft. It is obtained using the 
divergence theorem on the surface S: 

Lemma 6.4. Assume (HI) and let u e W 1 ' 2 (S h ,K n ) satisfy u ■ ft = on d+S h . 
Then: 

||V(u • n)\\ L 2 {s) + \\Rn\\ L 2 {s) < C (\\u\\ L 2 {s) + \\u\\ w i,2 {Sh) + 

1 /2 

Proof. First note that ||iJn||i2(5) = \\nR t an\\L 2 (S)i since nRri = and R € so(n). 
To prove the desired estimate we use the Hilbert space identity: 

||a|| 2 + ||6|| 2 = ||a-fo|| 2 + 2(a,6) 

with a = V(it • ft) and b = nRtan- 
Integration by parts shows that: 

(6.4) 



< a.b > = 



{nRtan) ■ V(it • n) 



s 



<C\\u- n\\ LHS) (\\R\\ L 2(S) + ||V(rERtan)IU"(s)) 

< C\\u ■ fi\\ L 2 {S) \\R\\ W l,2 {S) 

< C\\u-n\\ L 2 {s) (h- 3/2 \\D(u)\\ 

< C/i" 1 ||u|| H /i,2 (5 h ) • ||£)(u)|| L 2 (5 h) +C||w|| 2 ^i,2 (S h), 

where we applied the divergence theorem, Theorem 15.11 and Lemma [ 
On the other hand a — rtVu + u ■ Vn, so by Lemma 16. II 

\\a-b\\<C{\\u\\ L 2 {s) + \\\Ju-R tan \\ L 2 [S) ) 

!(, "' ; < C\\u\\ L 2 (s) + ChV 2 \\u\\ wl ,* {sh) + Ch-^WD^W^y 

Combining (|6.4|) and (|6.5|) proves the result. ■ 

Finally, in presence of the stronger condition (H2), we have an additional bound: 

Lemma 6.5. Assume (H2) and let u E W l ' 2 (S h , R n ), u ■ n h = on dS h . Then: 

\ [ |«.V(flf+^)|<CfcV 2 || u || wl , a(sh) + Cft-Va||iJ( u )|| W(sh) . 

« S 

Proof. We have: 
1 



h 



u-V{g } l+g h 2 )\ 

s 

+ C\\u-un\\ L i (dsh) 
< Ch-^ 2 \\D(u)\\ L 2 {s) + Ch 3 / 2 \\u\\ wl ,2 {Sh) + Ch^ 2 \\S7u\\ L 2 {Sh} . 

The last inequality follows from Lemma 16.21 (v) and from an easy bound: \\u 
uttWlHOS^ < C/i 1/2 ||VM|| L 2 (5 h). I 
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7. A PROOF OF MAIN THEOREMS 

In this section we will prove the uniform Korn's estimate: 

(7.1) \\u\\ w i,2 {sh) < C\\D(u)\\ L 2 {sh) , 

under the angle constraints (I2.4|) or (|2.6[) . We argue by contradiction; assume thus 
that (|7.1[) is not valid, for any uniform constant C . Hence, there exist sequences 
h n — ► and u hn E W 1,2 (S hrl ) (for simplicity we will write h instead of h n ) such 
that the assumptions of Theorem 12 . II or |2~21 are satisfied, but: 

(7.2) h~ 1/2 \\u h \\ w i,2 [sh) = 1 and h~ 1/2 \\D(u h )\\ L 2 {sh) — >0 as h — > 0. 

For the proof of Theorem 12.11 we will assume that u h ■ n — on d + S h . The case 
of the tangency condition on d~S h is proven exactly the same. 

Notice that (|7.2[) immediately gives, through Lemmas 16.31 16.11 and 16.41 that: 

(7-3) lim (\\u h ■ n\\ LHs) + || W - R'UIl^s)) = 0, 

(7.4) Urn (\\V(u h -n)\\ L2( s) + \\R h ft\\ L * ( S)) < C lim \\u h \\ LHS) . 
Also, Lemma 16.51 implies that under the assumption (H2): 

(7.5) lim / \u h ■V{g 1 +g 2 )\ = 0, 

Js 

where we used that the sequence u h is bounded in L 1 (5), again in view of (|7.2| . 

A contradiction will be derived in several steps. In particular, the tangential 
component of the average u: 

u h tan {x) = u\x) - (u h ■ n) ■ n{x) e T X S. 

will be estimated using the Korn inequality on hypersurfaces (see Appendix C). 
The conditions (|2.4[) and (|2.6[) assumed in Theorems 12.11 and 12.21 will be used in full 
(not just for rotations as in Theorem 12. 3p . 

Proof of Theorems [HQ and [2T2l 

1. Applying Theorem 1 11. 21 to each tangent vector field Ut an , we obtain a sequence 
v£ £ 2{S) such that: 

rf\\wi-HS) < C\\D(ul n )\\ LHS) . 
For every x S S and r E T X S there holds: 

\d T u h tan {x) ■ T \ = \d T u h {x) -r-(u h - n){x) ■ d T n(x)\ 

< \d T u h {x) - R h {x)r\ + C\(u h ■ n)(x)\, 

as R h (x) E so(n). Thus, by ([73]) : 

\\D{u h tan )\\ L , (s) < C (\\Vu h - R h tan \\m S) + \\u h - n\\ L2{s) ) — ► as h — 0. 
Therefore: 

(7-6) hm||^ a „-<|| H , 1 , 2(s) =0. 

2. Let P be the orthogonal projection (with respect to the L 2 (S) norm) of 
the space I(S) onto its subspace V, which we take to be the whole I(S) in case 
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of Theorem O and l gug2 (S) in case of Theorem E2 Call = P< e V and 

v 2 = u o ~ w i G V^" 1 "- I n both cases (|3.ip implies: 

(7-7) \\u h \\ L2ish) <C\\u h -v>{7c\\ LHS y 

We now prove that: 
(7.8) hm||^|| L2(s) =0. 

In case of TheoremO when V 1 - = {0}, JH]) is trivial, so we concentrate on the 
case of Theorem [2T2T Notice that then, (|73]) and (f7~6]) yield: 



(7.9) 



|«£-V(ffi+0O| = / |^-V(.gi+.g 2 )| 

< C||4 an - + C [ \u h ■ V( 3l + .g 2 )| — > as h — > 0. 

Since all norms in the finitely dimensional space 1^ are equivalent, we have: 

(7.10) H\\ LHS )<C [ \v%-V(gi + g 2 )\. 

Js 

Indeed, the right hand side of (|7. 10|) provides a norm on the space in question. 
Now, (HH) and ([7T0l) clearly imply ([775]) . 

3. Using the Poincare inequality on each segment [— gi(x), g\ (x)], and by (|7.2p : 

(7.11) h- 1 / 2 \\u h Ti~u h \\ L 2 {sh) <Ch 1 / 2 \\Vu h \\ L 2 {sh) — >0 &sh — > 0. 
We now obtain convergence to of various quantities: 

h- 1/2 \\u? an Tr - u h \\ L2{sh) < h-^W^n - u h \\ L 2 {Sh) + C\\u h ■ n\\ L2{s) — » 

by (I7TTD and (73]), 
h- x l 2 \\v^ - v'^\\ LHsh) — ► by HE]), 

h~ 1/>2 \\u h ir — ViTr\\ L 2rgh\ — > by (|7.6p and convergences above. 
Consequently, by (|7.7|) : 



(7.12) Hm/ l - 1 / 2 ||u fi |U 2Csfc) =0. 
Hence: 

(7.13) || fi h|| £a(S) _ Q, 

(7.14) ||V(« h .«)|U a(S ) + ||Ji fc rI|U a(S ) — by (El and UnSl), 

(7.15) ||uolk 2 (S) —^0 by (m and (JUIID. 

Because of the equivalence of all norms on the finitely dimensional space T(S), 
(I7TT5)) implies: 

(7.16) ltai Q h- l ' 2 \\vS\\ w i, a(S) =0. 

Now, we may estimate the quantity h~ 1 \\ Vu h \\ L 2^ S h) by the following norms: h~ 1 ^ 2 \\ Vu h - 
R h 7r\\ L2{Sh) , \\R h n\\ LHS ), \\R? an ~Vu h \\ L 2 ish \\V(u h -n)\\ LHS) , ||V^ on - Vv%\\ LHS) , 
IIVuq \\l*(S), and use Theorem [5711 (j7T4]) . ([7731) , (|776|) and ([7716]) to conclude that: 

lim /i- 1/2 ||Vu' l || L 2 (sh) = 0. 
Together with (j77T2"]) this contradicts (j772"j) . ■ 
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8. Estimates without Killing fields 



In this section we prove Theorem 12.31 The first step is to give a bound for 
the distance of u from the generators of rigid motions in R™. This follows from 
Theorem 15.11 and the uniform Poincare inequality (| 1 2 . 2[) : 

Lemma 8.1. Assume (HI). For every u G W 1,2 (S h , R") there exists a linear 
function v{z) = Az + b, A G so(n), b G R" , such that: 

\\u - v\\ w i,2 {sh) < Ch~ 1 \\D(u)\\ L 2 {sh . ) . 
Proof. Recall the results of Theorem 15. II and define: 



R(x) dx G so(n). 

s 

By Theorem 15.11 and the Poincare inequality on S 1 , we obtain: 

[ \Vu-A\ 2 <c\( \Vu-Rn\ 2 + h [ \R(x) - A\ 2 dx\ 

(8.1) Jsh y sh Js J 

<C\ f \D(u)\ 2 + h[ \VR\ 2 \<Ch- 2 [ \D{u)\ 2 . 
VJs h Js J Js h 

We now apply Theorem 112.21 to the function u(z) — Az, by which for some b G R" 
there holds: 

(8.2) j \u{z) - Az - b\ 2 dz < C j \Vu- A\ 2 < Ch~ 2 [ \D(u)\ 2 . 
Js h J S h J S h 

Now (j8~Tj) and (|8~^|l imply the result. ■ 



Proof of Theorem 12.31 The proof of part (i) will be carried out assuming that 
u ■ n 
same 



h = on d + S h . For the other case (it • n h — on d S h ) the argument is the 



1. We argue by contradiction. If (|2.7j) was not true, then there would be sequences 
h n — > and u h ™ G W 1 ' 2 (S hn ) satisfying the conditions in (i) or (ii) and such that: 

(8.3) h- 1 / 2 ^^^ = 1, 

(8.4) /i" 3/2 ||£i(u' l )|| L 2 (sfl) — >0 as h — >0 

(to simplify the notation, we write h instead of h n ). By Corollary 18. 11 there exists 
a sequence v h (z) = A h z + b h , A h G so(n), b h G R™, such that: 

(8.5) h- 1/2 \\u h - v h \\ w i,2 {sh) — >Q ash — > 0. 

Because of (|8.3|) . the sequence h~ x l 2 v h is bounded in W 1,2 {S h ) and so, without 
loss of generality, we may assume that: 

(8.6) A h — > A G so(n), b h — > b G R™ as h — ► 0. 
Moreover, by <f8T3]> and (f83]) : 



lirn h 1 / 2 ||w' 1 || H ai,2(5) 1 - ) = ]imh 1 / 2 ||M' i || H ^i,2(5fc) = 1, 

and therefore: 

(8.7) \A\ + \b\^Q. 
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2. We now prove that if (HI) holds together with u h ■ n h = on d + S h , then 



we must have Ax + b G TZ(S). Indeed, by Theorem 1 1 2 . 31 and Lemma 16721 (iv): 
\\v h ■ A\L^d+s h ) < \\u h - v h \\ L 2 {d+S H } + \\u h ■ n\\ L 2 (d+S h ) 

< C {hr l l 2 \\u h - v h \\ w i,2 [s *) + h 1/2 \\u h \\ w t,2 (S H ) '\ — > as h — > 0, 
where the convergence above follows from (|8.3|) and Q8 . 5j> . Thus: 



| (Ax + 6) • n(x)\ z Ax = lim J \v n (x) ■ n(x)\ dx = lim \\v ■ n\\ L 2( d+S h) = 0. 

We now prove that if (H2) holds, together with u h ■ ri h = on dS , then 
Ax + b G ftg u g a (S). By Theorem [123] and Lemma EH (v) : 



1 

772 



5 



< 

V 



z/ l (x + ^(x)n(x)) • V<?£(x) + t/ l (x - ^(x)n(x)) • V^(x)| 2 dx 

(x + g%(x)n(x)) ■ Vg^{x) + u h (x - g\ (x)n(x)) • V<?£ (x)| 2 dx} 
C r ~i 

- ~h v yh ~ uh ^^ sh ) + IPC" )ll£ a (s») + tfhWw^v*)} — > as h - 

where (|8.5|l with (|8.4p justify the convergence. Hence, by (|8.8p : 

|(Ax + 6) • V(ffi + 52 )(x)| 2 dx = lim ^ \v h ■ V((tf + s^ 2 = 

3. We see that in both cases (i) and (ii) there holds (using condition (|3.ip ): 

\\u h \\ L 2 (sh) <C\\u h -(Air(z) + b)\\ L 2 {sh) . 
Thus, by (HO)) and (|83|) : 

/i-^H^IU,^) < C/i" 1 / 2 !!^ - (Att(z) + 6)|U a(5 H) 

w' 1 - vh \\L 2 (S h ) + Ch 1/2 \\v h - (An(z) + b)\\ L 2 (S h^ — > 0. 
We deduce that lim/i_>o /i _1/ ' 2 ||'i>' l ||£2( 1 s'») = as well, which contradicts (|8.7[) . 



9. Appendix A - The Korn-Poincare inequality in a fixed domain 

In this section f2 C R" is a fixed open, bounded domain with Lipschitz boundary. 
For x G dfl, by nn(x) we denote the outward unit normal to d£l at x. We first 
recall the standard Korn inequality [21 [5| : 

Theorem 9.1. (i) There holds: 

{u G L 2 (f7,R n ); D(u) G i 2 (fi,M" x ")} = W h2 (n,R n ) 

and the following equivalence of norms: 

Nlwi>2(n) < Co (\\u\\ L 2 (n) + \\D(u)\\ L 2 {n) ) < C^\\u\\ W i,2 (n) . 

(ii) For every u G W 1,2 (fl, R") there exists A G so(n) and b G R ra so that: 

\\u - (Ax + b)\\ w i, 2 ( n) < Ch||X>(it)||La(n)- 

T/ie constants Cn above depend only on the domain Q and not on u. 
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Notice that Theorem 19.11 (ii) implies that for each u £ iy 1,2 (f2,R n ) satisfying 
the orthogonality condition: 

f u ■ v = Vw £ Tl(Cl) = {Ax + b; A £ so(n),b £ R n } 
Jq 

one has: 

IMIwi>2(Q) < Cn\\D(u)\\ L 2 {n y 

As we show below, the same is true if we restrict our attention to vector fields 
tangential on dil. Define: 

K a (Q) = {v £ K(to); vn n = on dQ,} . 

Theorem 9.2. For every u £ W ,2 (fi,R n ) such that u ■ Hq = on d£l and: 

(9.1) / u-v = VvEK 9 (n), 

Jn 

there holds: 

\\u\\wi.'(Si) < Cn\\D(u)\\ L 2 {n) , 
and the constant Cq depends only on Q. 

Proof. We argue by contradiction, starting with a sequence u n £ W ' 2 (Q.) satisfying 
u n ■ Hq = on d£l, (|9.1[) and: 

(9.2) ||n n ||v(ri.2(n) = 1) \\D(u n )\\ L 2^ — >0 as n — ► oo. 

Without loss of generality, u n converges hence weakly to some u in W ' 2 (Cl), and 
the convergence is strong in L 2 (Vl). Clearly u ■ Hq = on dfl and (|9.ip still 
holds. By Theorem 19. II (ii). there exist sequences A n £ so(n) and b n £ R™ so that 
u n — (A n x + b n ) converges to in W^ 1,2 (fi). 

Therefore A n x+b n converges weakly to u in W ,2 (Q) and we see that u £ TZg(Q). 
By (19. 1|) there hence must be u = and u n converges then (strongly) to in 
W 1,2 (ft). This contradicts the first condition in (|9.2p . ■ 

Example 9.3. Let O = B\ C R 3 . Since A £ so(3), there must be Ax = a x x, for 
some a £ R 3 and we obtain: 

Ka(Bi) = {a x x; a £ R 3 .} 

Condition (19. 1|) reads: 

0=1 (a x x) ■ u{x) dx — a ■ I x x u(x) da; Va G R 3 . 

Thus the class of functions u for which the hypotheses of Theorem 19. 21 are satisfied 
is the following: 

ju G W 1,2 (n); u ■ na = on clBi, ^ ac X u(x) dx = j . 

As observed in the next result, condition (|9.ip is not void if and only if our 
bounded domain f2 is rotationally symmetric. 

Theorem 9.4. IflZg(fl) ^ {0} £/ien f2 mwsf be rotationally symmetric. 



KORN INEQUALITY IN THIN DOMAINS 



21 



Proof. Let v(x) — Ax + b £ TZg(d). We will prove that the flow generated by the 
tangent vector field v\qq is a rotation. 

Since A £ so(n) we have that R" = Ker(A) Im{A) is an orthogonal decom- 
position of R™. Write b — b ker + Abo, b ker £ Ker (A), and consider the translated 
domain Qq = Q + bo. Now: 

Ax + b = A(x + b a ) + b ker Vx £ Q, 

so y i — ^ Ay + b ker is a tangent vector field on dfto- Consider the flow a which this 
field generates in R" : 

a'{t) = Aa{t)+b ker 



a(0) e SQ, 



Then a(i) = /3(t) + <$(*), where: 



Notice that: 



0'(t)=A0(t), 0(O)£lm(A) 

S'(t) = b ker , 6(0) £ Ker(A), 0(0) + 6{0) = a(0). 



j t \0(t)\ 2 =2f3(t)-Af3(t)=Q, 



so 0(t) remains bounded, while S(t) = S(0)+tb ker is unbounded for b ker ^ 0. Since 
a(t) £ dtlo for all t > 0, there must be b ker = 0. Hence the flow a is a rotation 
(generated by A £ so(n)) on dflo, which proves the claim. ■ 

From the proof above it follows that each v £ 1Zg(d) has the form v(x) = 
A(x + bo), A £ so(n), bo £ R™. We thus obtain the following characterisation when 
Q C R 3 : 

{0} if fl has no rotational symmetry 

TZg(Q) — i & 1-parameter family if Vl has one rotational symmetry 
a 3-parameter family if fi = B r . 

10. Appendix B - The uniform Korn inequality on star-shaped domains 

Throughout this section, f2 is an open Lipschitz domain in R™, star-shaped with 
respect to the origin and such that: 

B r cflcB R c B x , 

for some r > and R < 1. The Lipschitz constant of the boundary of is denoted 
by L. Our goal is to prove: 

Theorem 10.1. For every u £ Ty 1,2 (f2, R") there exists A £ so(n) such that: 

(10.1) || Vu - A\\ L 2 {n) < C n>r/R>L ■ ||D(«)|| ia(n)> 

and the constant C^m^ above depends only on the quantities n,r/R and L. 

The proof is essentially a combination of the arguments in [151 1 14] , where we 
need to keep track of the magnitude of various constants, and of [5]. In [5], the L 2 
distance of Vu from a single proper rotation is estimated in terms of the L 2 norm 
of the pointwise distance of Vw from the space of proper rotations SO(n). Note 
that so(n) is the tangent space to SO(n) at Id. Hence (|10.1[) can be seen as the 
"linear" version of the result in [S] . 
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Lemma 10.2. For every cj) £ W 1,2 (Vt) there holds: 



|0| 2 < C n ,r,L 



|V0| 2 ) dist 2 (x,df>) dx. 



Proof. Without loss of generality we may assume that <p E C°°(R™). We adopt the 
proof of Theorem 8.2. in [T3] . 

1. Let 9 : [0,oo) — ► [0, 1] be a smooth non-decreasing function satisfying: 



(s) = for s < 



(,s) = 1 for s > 



|6>'(s)| < ^ for a > 0. 



Fix a point p G dtt and consider the function 9f on the segment [0,p] joining the 
origin and p. Using Hardy's inequality and noting that 



\p\ - \x\ < Ldist(a;, dft) Vx S [0,p] 



we obtain: 
-IpI 



|0| 2 d|ar| < / |6»0| 2 d|x| < 4 



IpI 



W-N d|x| 



< 41/ 



bl 



Hence: 



IpI 



/•IpI 

l |0| 2 djasl <C„, r , L / M"" 1 (|0| 2 + |V(/»| 2 )dist 2 (x,9n) d|ar|, 



which after integration in spherical coordinates gives: 



(10.2) 



/ 1 0| 2 dx < C n , r , L [ 

Jn\B r/2 ^ Jn 



(\cj)\ 2 + |V0| 2 )dist 2 (x,<9ft) dx. 



2. Consider now a box D such that B r i 2 ^fii C D C B r / 2 and let $ : [0, oo) 
[0, 1] be a smooth non-increasing function such that: 



tf(s) = 1 for s < 



<&(s)=0 fors>^4=, 
4 y/n 



\tf( a )\ < fors>0. 



We now apply Hardy's inequality to the function 'dip on segments [0, \p\] collinear 
with the X\ direction, in the box Di inscribed in B 3r ^. Taking p £ dDi, for all x 
in the corresponding segment we have: 

< Cn-j < C„^ r dist(a;, 9f2). 



I Pi 



< 



4V^ 

Using iterated integrals, we obtain: 

(10.3) / \<f)\ 2 dx<[ \<f>\ 2 dx < C n<r I (|0| 2 + |V0| 2 )dist 2 (a;,9^) dx. 
Combining the inequalities (110.2)) and (|10.3[) proves the lemma. 
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Lemma 10.3. For every 4 £ W 1,2 {Vi) there exists a <E R such that: 

I \<j>~a\ 2 < C n>r<L [ |V0| 2 dist 2 (a;,<9ft) Ax. 
Jn Jn 

Proof. We adopt the method of proof from Theorem 3.1. in [5J. 
For a small S S (0, r/2), consider the domain: 

fl s = {x e O; dist(x,dfl) > 5}. 

By the Poincare inequality on star-shaped domains we obtain: 



(10.4) 









/ 


4-1 4 


f 


'(Is 


JO.5 


Jn 



|V0| 2 



The above inequality follows, for example, from Theorem 112.11 in Appendix D, in 
view of B r / 2 C fls C B\. Therefore: 



(10.5) 







2 1 


/ 

Jn 5 


4-1 4 
Jn 5 


o Jn 



\V(/)\ 2 dist 2 (x,dn) dx. 



Applying Lemma 110.21 to the function 4 ~ §q <j> on Vl we get: 



/ 

Jn 





2 r 


4-1 cb 


< C n ^ r ^L J ^ 


Jn 5 





n, s 

C n ,r,L 



S2,s 



V<?!)| 2 )dist 2 (a;,a^) dx 



W 


4-1 4 


[ Jn\n s 


Jn s 






2 


{ In 


4-1 4 






Jn s 





On 



6 2 



|V0| 2 dist 2 (x,9fi) dxj 
lj J |V<£| 2 dist 2 (x,9ft) dx\, 



where the last inequality follows from (|10.5p . 

Taking now 6 sufficiently small, the first term in the right hand side is annihilated 
by the left hand side, which proves the lemma for a = ^ 4- ^ 

We now recall the following result from [15] : 

Lemma 10.4. Let 4 € W 12 {n) be such that A4 = in P'(fi). Then: 



|V0| 2 dist 2 (a;,<9f2) dx < 20 [ |0| 2 

Jn 



Proof of Theorem 110.11 

The left hand side of (|10.1| may be written as the distance (in L 2 (n)) of Vu from 
the closed subspace of constant functions A € so(n). Since the distance function is 
continuous, we may without loss of generality assume that u 6 C(R", R"). 
1. Consider the problem: 

Av = Au in Q, 
v = on dtt. 



Since: 

An. = 9. Hiv J n(n.) - 



(10.6) Au = 2div<{L)(u)-i(trD(u))-Id 
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we see that: 

ij vw,2= L Vv: i D{u) ~ ^ (tr D{u)) ' ld ) - 2||vw||i2 ^ ||jD(u)||i2 (°)- 

Therefore: 

(10.7) l|V«|U2 (n) <4||D(«)|| La( n). 

2. We are going to study the remaining part w = u — v, which is harmonic: 
Aw = in Q. Write: 

CO 

(10.8) n={jB ri ( ai ), 

i=l 

where each radius Ti satisfies: 2r^ < dist(aj, dSX) < 3r^. In particular, this implies: 

(10.9) -dist(x, dST) <r t < distfo dB n (a,)) Vx £ 5 n (a<) 

It is also clear that the covering number of (|10.8p is bounded by some constant 
C n .L depending only on n and L. 

On each doubled ball B 2ri (fli) we use the standard Korn inequality (see Theorem 
ED to obtain: 



|| Vw - Ai\\ L 2 (B2ri{ai)) < C n \\D(w)\\ L 2 { B 2n ( ai )), 

for some matrices A{ £ M nxn . Use now Lemma [10.41 to the components of the 
harmonic vector function Vio — Ai on B2 ri (cLi): 

[ \V 2 w\ 2 dist 2 (x,dB 2ri ( ai )) dx < C n f \D{w)\ 2 . 
In view of (|10.9[) the above estimate implies: 

f |V 2 H 2 dist 2 (x,dO) dx < 16C„^ / |£>H| 2 < C«,l / \D(w)\ 2 . 

Jn . J B 2 r i (a i ) Jn 

Now by Lemma riO.31 applied to the function Vw, there exists B £ M nxn so that: 

(10.10) / \Vw - B\ 2 < C n . r , L f \D(w)\ 2 . 
Jn Jn 

3. Define A = (B — B T )/2 £ so(n) and notice that for every x £ il there holds: 
\B - A\ = dist M nxn(S, so(n)) <\B- Vw(x)\ + dist M nx»(Viu(a:), so{n)) 

= \B-Vw{x)\ +\D(w)(x)\. 

Therefore: 

(10.11) / \B - A\ 2 < C n , riL [ \D{w)\ 2 . 

Jn Jn 

Now by ([TO77|) . (fTTTTDI) and pHII) : 

||Vu - A|| ia( n) < ||Vu|| i2(n) + ||Vte - B\\ L 2 (n) + \\B- A\\ L 2 (n) 
(10-12) < C n ,r, L (\\D(u)\\ L 2 {n) + \\D(w)\\ L 2 (Q) ) 

< C ntr>L \\D(u)\\ L 2(ty, 

the last inequality following from D(w) = D(u) — D(v) and the bound p0.7[) . 

4. All the previous calculations were done assuming that R = 1. If R < 1, we 
may apply (|10.12[) to the rescaled domain f2 = and note that B r / 2 C O C B\, 
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while the Lipschitz constant of d£l remains the same as of 90. This proves the 
desired bound of the Theorem. ■ 

11. Appendix C - The Killing fields and the Korn inequality on 

HYPERSURFACES 

For a tangent vector field u £ W 1 ' 2 (S, R"), define D(u) as the symmetric part 
of its tangential gradient: 

D{u) = ~ [(Vu) tan + (Vu)£ B ] . 

That is, for x £ S, D(u)(x) is a symmetric bilinear form given through: 

tD(u)(x)i] = -(t • d v u(x) +77 • d T u{x)) Vr, 77 £ T X S. 

Recall that a smooth vector field u as above is a Killing field, provided that 
D{u) = on S. We first prove that in presence of this last condition, the reg- 
ularity u £ W 1,2 (S) actually implies that u is smooth. Further, we directly recover 
a generalisation of Theorem 19.11 (ii) to the non-flat setting ( Theorem 1 11.2[) . Actu- 
ally, the bound in Theorem 19. II fi) remains true also in the more general framework 
of Ricmannian manifolds [5] • 

The following extension of u on the neighbourhood of S will be useful in the 
sequel: 

(11.1) u(x + tn(x)) = (Id + ffl^))- 1 • u(x) Vx£S Vfe(-ft 0l fto) 

for some small ho > 0. Here n(a;) = Vn(x) is the shape operator on S. We have 
ii S W X ' 2 (S, R") where S — S h ° is open in R". Notice that for each z — x+tn(x) € 
S and T\ £ T X S there holds: 

d Tl u(z) = |v [(Id + ffl^))- 1 ] ■ (Id + ffl(a;))" 1 ri| • u(x) 

+ (Id + mix))- 1 ■ Vu(x) ■ (Id + ffl(a;))" 1 Ti. 

The first component above is bounded by C|tu(a;)|. Taking the scalar product of 
the second component with any T2 € T X S gives: 

((Id + ffl(a;))- 1 T 2 ) • Vu(x) ■ ((Id + tn^))- 1 ^) . 

Since (Id + tU(x)){T x S) = T X S we obtain: 

t 2j D(m)(z)t 1 = ({U + mix))' 1 ^) -D{u){x) ■ ((Id + ffl(a;))- 1 r 1 ) 

(11.2) + Z(t,x) -u(x), 
\Z{t,x)\<C. 

On the other hand, n(x) ■ u(z) — 0, so for any r € T X S: 
n ■ d T u(z) = - (u(x)(Id + tUix))- 1 ^) ■ u(z) 

= - ((Id + tllix))- 1 ■ IL(x) ■ (Id + ffl(a;))~ 1 u(a;)) • r = r • d n u(z). 

Hence: 

nD(u)(z)r = - ((Id + tllix))' 1 ■ U(x) ■ (Id + fflfc))- 1 ^)) ' t, 
nD{u)[z)fi = 0. 
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Lemma 11.1. Let u € W 1 ' 2 (S,'R n ) be a tangent vector field such that D(u) = 
almost everywhere on S. Then u G 1(S). 

Proof. We only need to prove that u is smooth. Consider the extension u S 
W 1,2 (5,R™) as above. By (fTT5|) . (fiT3]) and the formula (fTUl)j) we see that 
D(u) e W^ 2 {S) and hence: 

Aue L 2 (S). 

The result follows now by the elliptic regularity and a bootstrap argument. H 

Theorem 11.2. For every tangent vector field u € W ' (S, R") £/iere exists v € 
smc/i i/iai: 

and £/ie constant Cs depends only on the surface S. 

Proof. Since I(S) is a finitely dimensional subspace of the Banach space E of all 
W 1,2 (S) tangent vector fields, its orthogonal complement T(S) 1 - is a closed subspace 
of E. We will prove that: 

(11.4) \\u\\ wl ,2 {s) <C s \\D(u)\\ LHs) Vw€l(S) x 

which implies the Theorem. 

If (|11.4[) was not true, there would be a sequence u n e 1(5)^ such that: 

||un||wi.= (s) = 1, \\D{u n )\\ L 2 {s) — >0 asn — > oo 

Without loss of generality, u n converge weakly in W 1 ' 2 (S) to some u £ X(S)- 1 . 
Moreover D(u) — by the second condition above, so by Lemma 111.11 we obtain 
that u £ I(S). 

As the spaces T(S) and 1{S) 1 - are orthogonal, there must be u — 0, and hence the 
sequence u n converges to (strongly) in L 2 (S). This contradicts ||itn||H ?1 ' 2 (Sl = 1; 
because: 

\\Un\\w^ 2 (S) < Cs (||"«IU 2 (S) + \\ D ( u n)\\L 2 (S)) ■ 

The last inequality follows from Theorem 19.11 (i) applied to the extensions u n S 
W 1>2 (5) as in PTT|) . Indeed, by pT^j) and pT3|) it follows that: 

1/2 

\\Un\\ L 2(§) ~ K \\u n \\ L 2( S) , 
1/2 

l|Vu„|| i 2 (s) < Ch \\u n \\ wl , 2{§) , 
ll- D ("n)|| i 2 ( 5 ) < Chy 2 (\\u n \\ L 2 (s) + \\D(u n )\\ L 2 (s} ). 



We now want to gather a few remarks relating to the fact that the linear space 
I(S) of all Killing fields on S is of finite dimension. This is a classical result [ID] , 
and it implies that in I(S) all norms are equivalent. In particular, one has: 

(11.5) Vuel(S) ||Vu|| i2(s) < C s \\u\\ LHS) , 

for some constant Cs depending only on the hypersurface S. 

The bound (|11.5[) . together with an estimate of Cs, can also be recovered directly, 
using the following identity [16], valid for Killing vector fields u: 



nun A M^ U 



2 



Ric (it, u). 
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Here As is the Laplace-Beltrami operator on S, V« = (Vit)t a « is the covariant 
derivative of u on S, and Ric stands for the Ricci curvature form on S. 

To calculate Ric (u, u) in our particular setting, notice that by Gauss' Teorema 
Egregium ([20 , vol 3), the Riemann curvature 4-tensor on S satisfies: 

VieS Vr,r7,£,i9 e T X S R(t,T))^ = (n(a;)r-i?)(n(a:)r?^)-(n(^)r-0(n(x)7?-i?). 

Thus, seeing the Ricci curvature 2-tensor as an appropriate trace of R, we obtain: 

WxeS Vr?, £ G T X S Ric (77, £) = tr (r h- i?( T , 

(11.7) = (tr n(s))n(a;)t; ■ £ - n(x)£ • U(x) V 

= ((tr n(a;))n(a;) - Il(x) 2 ) V ■ £. 

Integrating (| 11 .6(1 on S and using (|11.7[) we arrive at: 

(11.8) ||V U || 2 L2(S) = f ((tr n(x))Il(x) - U(x) 2 )u(x) ■ u(x). 

J s 

Notice that in the special case of a 2 x 2 matrix II, that is when n — 3 and S is a 
2-d surface in R 3 , the Cay ley-Hamilton theorem implies: 

(tr n)n - n 2 = (dct n) • id, 

and so: 



|V«|| 2 L2(5) = f det U(x)\u\ 2 . 
J s 



In this case det Tl(x) is the Gaussian curvature of S at x (see |16jl. 
To calculate the L 2 norm of the full gradient Vit on S, notice that: 

l|Vu||£, (s) - || Vuf L2{s) = f J2 n ■ -^u 2 = f J2\u ■ U(x)n\ 2 = f 



i=l 



\Tl(x)u\ 



i=l 



Hence we arrive at: 

(11.9) l|Vu||i a(s) = f (tr U(x))n(x)u(x) ■ u(x), 

J S 

which clearly implies (|11.5|) . 

Remark 11.3. An equivalent way of obtaining the formula (| 1 1 . 9|) . but without 
using the language of Riemannian geometry, is to look at the 'trivial' extension of 
u: 

w{x + tn(x)) = u(x) \fx G S Vi G (—ho, ho). 
Since d^w = and w ■ n = on the boundary of S = S h °, by (|10.6[) one has: 

(11.10) \\V™\\l H s) = - 2 L div D ( w ) ■ w - H div w \\ 2 L*(sy 

J s 

Calculating / div D(w) ■ w in terms of H(x), dividing both sides of () 1 1 . 10(1 by 2h 
and passing to the limit with h — ► 0, one may recover (|11.9p directly. 

Remark 11.4. From the equivalence of the L 2 and the W 1 ' 2 norms onX(5'), proven 
in (JTT79J) , it follows that the linear space I(S) is finitely dimensional. 

For otherwise the space (1(5), || • || vk x > 2 (S)) would have a countable Hilbertian 
(orthonormal) base {ei}°^ 1 and thus necessarily the sequence {e^} would converge 
to 0, weakly in W 1,2 (S). But this implies that lim^^o ll e i|li 2 (s) = 0j which by the 
norms equivalence gives the same convergence in W l,2 {S), and a clear contradiction. 
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12. Appendix D - The uniform Poincare inequality and the trace 

THEOREM IN THIN DOMAINS 

Theorem 12.1. Assume that C R n is open, Lipschitz, star-shaped with respect 
to the origin and such that: 

B r C fl C B R C Si. 
Then for every u £ W 1,2 (fl,TV) there holds: 

r u IU 2 (o) < C n , r/R R - ||Vii|| L 2 (n) , 
J a 

where the constant C n r /n depends only on the quantities n and r/R. 

Proof. The proof follows, for example, from [1] where the first nonzero eigenvalue 
«i of the Neumann problem for —A on f2 is estimated from below by C n ■ R r n +'i , 
the constant C n depending on n only. Recalling that the best Poincare constant 

— 1/2 

equals to a 1 , the result follows. H 

Theorem 12.2. Assume (HI) and let h > be sufficiently small. For every 
u G W 1,2 {S h , R) there exists a constant a £ R so that: 

\\u - o||x^(5") < C||Vu||l2(s") 
and C is independent of h, a or u. 

Proof. The argument is a combination of the proof of Theorem l5.1l and the Poincare 
inequality on the fixed surface S. 

Let D x ^, B x h, rj x be as in the proof of Theorem 15. 11 Define a smooth function 
a : S — ► R: 

a(x) — / rj x (z)u(z) dz. 
Js h 

We will prove the theorem for: 

dx. 



Js 



IS 

First of all, by Theorem 112. 11 we see that the local estimate (I5.1|) is in our new 
setting replaced by: 



/ \u~a x , h \ 2 <Ch 2 f |Vu| 2 , 



with a Xj h = f B ( u € R and C being, as usual, a uniform constant. Repeating the 
calculations leading to (|5.2p and (|5.3|) . we thus obtain: 

\a{x)-a x , h \ 2 <Ch 2 ~ n [ |Vu| 2 , 

J B x h 

|Va(a:')| 2 < Ch~ n f |Vu| 2 W € D xJl , 

j2B Xih 

which imply, exactly as in (|5.5p : 

/ \u - air\ 2 < Ch 2 [ \Vu\ 2 , [ \Va\ 2 < ChT 1 [ \Vu\ 2 . 
Js h Js h Js Js h 
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Now by the above inequalities and the standard Poincare inequality on surfaces: 



a\ 2 <C{j \u - a7r| 2 + h \ \a(x) - a\ 2 dx 

• C{h 2 f \Vu\ 2 + h i \Vo\ 2 J. - C I \Yu\ 
Js h 



which proves the result. H 

Theorem 12.3. Assume (HI). For every u € W 1 ' 2 (S h , R) there holds: 

(12.1) \\u\\ L 2 {S ) < Ch- l ' 2 \\u\\ L 2 m + C^/ 2 ||Vu|| i2(sh) , 

(12.2) hhnas*) < Ch-^ 2 \\u\\ L 2 (sh) + Ch^WVuWv,^), 

where in the left hand side we have norms of traces of u on S and dS h , respectively. 
The constant C is independent of u or h. 

Proof. Since \g^ (x)\ > Ch, (|12. 1|> will be implied by the same inequality for S h 
with g\ = ^2 = Ch. The latter one can be obtained covering S h with the cylinders 
B x ,h of size h and applying the scaled version of the usual trace theorem to B x ^h- 
Notice, that the constant C in (|12.ip depends only on n and the Lipschitz con- 
stant of S. Since |Vgf (ir)| < Ch and |gf(a;)| > Ch for each s € S, we may use the 
same argument as before on {x — tn h (x); x € dS h , t S (0,Ch)} C S h to prove 

Cup) . ■ 
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